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CORRELATORS AND DESCENDANTS OF SUBCRITICAL STEIN
MANIFOLDS
JIAN HE
Abstract. We determine contact homology algebra of a subcritical Stein-fillable contact
manifold whose first Chern class vanishes. We also compute the genus-0 one point correlators
and gravitational descendants of compactly supported closed forms of their subcritical Stein
fillings. This is a step towards determining the full potential function of the filling as defined
in [EGH00]. These invariants also give a canonical presentation of the cylindrical contact
homology. With respect to this presentation, we determine the degree-2 differential in the
Bourgeois–Oancea exact sequence of [BO09]. As a further application, we proved that if a
Ka¨hler manifold M2n admits a subcritical polarization and c1 vanishes in the subcritical
complement, then M is uniruled.
1. Introduction
The theory of pseudoholomorphic curves has been a very active area of research since it
was introduced by Gromov to the study of symplectic manifolds. Eliashberg, Givental and
Hofer [EGH00] generalized this to open symplectic manifolds with contact type boundaries
at infinity. These algebraic invariants arise from the structure of the moduli spaces of fi-
nite energy punctured holomorphic curves with prescribed asymptotic behaviours. A lot
of effort has been made towards the computation of these invariants. The cylindrical con-
tact homology of the boundary of a subcritical Stein domain (M2n, ∂M), whose first Chern
class vanishes, was first computed by Mei-Lin Yau [Yau04]. It is also an easy consequence
of the results of Bourgeois and Oancea [BO09], relating cylindrical contact homology and
symplectic homology.
Theorem 1.1 ([Yau04]). Let (M2n, ∂M), n ≥ 2, be a subcritical Stein domain of finite type,
and ξ the maximal complex subbundle on ∂W . If c1(ξ) = 0, then
HCi(∂M, ξ) ∼=
∞⊕
m=0
H2(n+m−1)−i(M) ∼=
∞⊕
m=0
Hi+2−2m(M, ∂M).
Given a graded vector space V , let Λ(V ) denote the tensor algebra generated by V modulo
the graded commuting relations, and V [n] the graded vectors space consisting of elements
of V with a grading shift of positive n.
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The conclusion of Theorem 1.1 can be rewritten as
HC(∂M) ∼=
∞⊕
m=0
H(M, ∂M)[2m− 2].
Under the same vanishing first Chern class condition, we first determine the rational contact
homology algebra of ∂M , HCcont(∂M). In the language of [EGH00], this is the full contact
homology algebra specialized at the origin.
Theorem 1.2. Let M2n, n ≥ 3, be a subcritical Stein domain of finite type with c1(M) = 0.
Then
HCcont(∂M) ∼= Λ
( ∞⊕
m=0
H(M, ∂M)[2m− 2]
)
.
Essentially this means that the higher differentials in the contact homology algebra, com-
ing from rational curves with multiple negative punctures, has no affect on homology even
though they may be non-trivial on chain level. In fact the higher differentials are zero pro-
vided the existence of a regular equivariant perturbation. However this requires more detail
understanding of the polyfold perturbation theory, and we will not prove it in this paper.
We then compute the genus-0 one point correlators and gravitational descendants of the
subcritical Stein domain.
Theorem 1.3. Let M2n, n ≥ 3, be a subcritical Stein manifold of finite type with c1(M) = 0.
Then there exists a canonical isomorphism
ι : HC(∂M) −→
∞⊕
m=0
H(M, ∂M)[2m− 2]
such that if a = [
∑k
i=1 ciγi] ∈ HC(∂M) is a cycle in cylindrical contact homology, and θ is
a compactly supported closed form on M , then the correlators and descendants satisfy
k∑
i=1
ci
∫
Mγi
ev∗(θ) ∧ ψm =
1
m!
< ιm(a), [θ] > . (1)
Here the notations are as follows:
• ι will be the same isomorphism as in Theorem 1.1;
• Mγ is the moduli space of holomorphic planes with one interior marked point, and
asymptotic to the Reeb orbit γ;
• ev : Mγ →M is the evaluation map at the marked point;
• ιm : HC(∂M) → H(M, ∂M) is the projection of ι onto the m-th factor of the direct
sum, which is then identified with H(M, ∂M), ignoring the shift in grading;
• ψ is the first Chern class of the tautological line bundle over the moduli space of
holomorphic planes with one marked point;
• <,> is the natural pairing between homology and cohomology of compact support.
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The precise definition and invariance of correlators and gravitation descendants will be dis-
cussed in the next section. Abusing notation, the linear combination of integrals on the left
hand side of (1) is often written simply as
∫
Ma ev
∗(θ) ∧ ψm.
Remark 1.4. In [Yau04], Theorem 1.1 was proved by choosing a suitable contact form α,
where the differential for HC(∂M, α) is explicitly identified with a Morse differential on M .
It was unknown if an isomorphism constructed this way is canonical. In other words, if β is
another suitable contact form with isomorphism ι′, and Φ: HC(∂M, α) → HC(∂M, β) the
natural isomorphism between cylindrical contact homologies, does ι equal ι′◦Φ? Since corre-
lators and descendants behave naturally under change of contact form, Theorem 1.3 therefore
implies that HC(∂M) is canonically isomorphic to
⊕∞
m=0H(M, ∂M)[2m−2]. Given a basis
{θi} of H
∗(M, ∂M), the m-th coordinate in the direct sum of a element a ∈ HC(∂M) is
determined by the values of {
∫
Ma ev
∗(θi) ∧ ψm}.
In [BO09], Bourgeois and Oancea gave a different proof of Theorem 1.1 using their long
exact sequence relating cylindrical contact homology of ∂M and symplectic homology of M .
We explicitly compute the degree 2 map D appearing in their exact triangle
SH+(M) −→ HC(∂M)
D
−→ HC(∂M) −→ SH+(M).
Theorem 1.5. Let M2n, n ≥ 3, be a subcritical Stein manifold of finite type with c1(M) = 0.
Then the map
ι ◦D ◦ ι−1 :
∞⊕
m=0
H(M, ∂M)[2m − 2]→
∞⊕
m=0
H(M, ∂M)[2m − 2]
is given by shifting each factor down one spot, with Ker(ι ◦D ◦ ι−1) = H(M, ∂M)[−2].
Remark 1.6. Together with Proposition 9 and Remark 19 of [BO09], Theorem 1.5 implies
that the isomorphism in the Bourgeois–Oancea proof of Theorem 1.1 is the same as the
canonical isomorphism ι.
In [BC01], Biran and Cieliebak studied subcritical polarization of a Ka¨hler manifold and
asked if manifolds admitting subcritical polarizations are always uniruled. A subcritical
polarization is a Ka¨hler manifold (M,ω, J) with an integral Ka¨hler form ω, together with a
smooth reduced complex hypersurface Σ representing the Poincare´ dual of k[ω], such that
the complement of Σ is a subcritical Stein manifold of finite type. As a consequence of
Theorem 1.3 and a Morse–Bott computation of correlators on the normal bundle of Σ, we
obtain a partial answer to the question of Biran and Cieliebak:
Theorem 1.7. If (M2n, ω, J,Σ, k) is a subcritical polarization such that c1(M \Σ) = 0, then
k = 1 and M is uniruled.
There are only two subcritical polarizations in complex dimension ≤ 2: (CP 1, pt) and
(CP 2,CP 1). Therefore throughout the rest of the paper, we assume n ≥ 3.
This paper is organized as follows: in section 2 we review some basic facts of symplectic field
theory, and define the relevant invariants; in section 3 subcritical Stein manifolds and their
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Reeb dynamics are described in more detail, essentially summarizing the previous work of
Yau, and we prove Theorems 1.2 and 1.3 modulo the technical Proposition 3.15; in section
4 we apply Theorem 1.3 to subcritical polarizations; in section 5 we prove Proposition 3.15;
and in the last section we discuss connections with the Bourgeois–Oancea exact sequence
and prove Theorem 1.5.
2. Symplectic Field Theory and Descendants
In this section we will give an extremely brief overview of aspects of symplectic field theory
and define the invariants we wish to compute. See [EGH00] for a more complete discussion.
Throughout this section we assume the polyfold theory of Hofer, Zehnder and Wysocki,
[HWZ06], [HWZ07], [HWZ08], which forms the analytical foundation of SFT. In other words,
there exists a abstract perturbation scheme under which all moduli spaces are branched
manifolds with boundaries and corners of the expected dimension.
Let (V 2n−1, ξ) be a contact manifold with a contact 1-form α, i.e., (dα)n−1 ∧ α is a volume
form and ξ = Ker(α). The Reeb vector field is the unique vector field R such that
dα(R,−) = 0, α(R) = 1.
The flow of the Reeb vector field preserves the contact structure ξ. A (possibly multiply
covered) Reeb orbit γ is non-degenerate if the linearized Poincare´ return map of the Reeb
flow has no eigenvalue equal to 1. For a generic choice of α, there are countably many closed
Reeb orbits, all of which are non-degenerate. Let κγ denote the multiplicity of the orbit γ.
Definition 2.1. A Reeb orbit is good if it is not an even multiple of another orbit γ such
that the linearized Poincare´ return map along γ has an odd total number of eigenvalues
(counted with multiplicity) in the interval (−1, 0).
Remark 2.2. All orbits appearing in this paper are easily seen to be good.
If c1(ξ) = 0, then the Reeb orbits admit a consistent Z-grading. Define the index of a Reeb
orbit γ to be µ(γ) = µ(γ) + (n− 3), where µ(γ) is the Maslov index of γ, computed using a
trivialization over a spanning surface for γ. Since the first Chern class vanishes, the Maslov
index does not depend on the choice of spanning surface. From now on we will assume
c1(ξ) = 0.
The symplectization of a contact manifold (V 2n−1, ξ, α) is the manifold V × R with the
symplectic form d(etα), where t is the coordinate of R. An almost complex structure J on
a symplectization (V × R, d(etα)) is compatible if
• J2 = −Id,
• dα(v, Jv) > 0 for all non-zero v ∈ ξ,
• J is invariant under translation in the R-direction,
• Jξ = ξ, and J∂t = R.
A symplectic filling (M,ω) of a contact manifold (V, ξ, α) is an open symplectic manifold with
one open cylindrical end of the form E = V × [0,∞). On the cylindrical end, ω|E = d(e
tα).
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The complement of E is compact. We will often abuse notation and refer to V as ∂M . An
almost complex structure J on a filling (M,ω) is compatible if
• J2 = −Id,
• ω(v, Jv) > 0 for all non-zero v ∈ TW ,
• on the cylindrical end E, J is invariant under translation in the R-direction,
• on V = V × {0}, Jξ = ξ, and J∂t = R.
A symplectic cobordism (M,ω) is an open symplectic manifold with a positive cylindrical
end V × [0,∞) and a negative end V ′ × (−∞, 0]. It is often denoted by
−−→
V V ′. Compatible
complex structures are defined in similar fashion.
A J-holomorphic curve is a map u from a punctured Riemann surface (Σ, i) to an almost
complex manifold (M,J) such that
du ◦ i = J ◦ du.
Two holomorphic curves u : (Σ, i) → (M,J) and v : (Σ′, j) → (M,J) are equivalent if there
is a diffeomorphism φ : Σ→ Σ′ such that u = v ◦φ and i = φ∗j. Denote byMγ;γ′ the moduli
space of equivalence classes of holomorphic cylinders in the the symplectization V ×R such
that the positive end of the cylinder is asymptotic to the Reeb orbit cylinder γ ×R and the
negative end to γ′ × R.
The expected dimension of Mγ;γ′ is
dim Mγ;γ′ = µ(γ)− µ(γ
′).
We will assume that J is regular (or a suitable abstract perturbation has been performed),
so that all moduli spaces are branched manifolds of the expected dimension. Since J is
R-invariant, holomorphic curves come in R-families as well. If Mγ;γ′ is 1-dimensional, then
we can count the number of R-components of Mγ;γ′ .
Definition 2.3. The cylindrical contact homology of V , HC(V ), is the homology of the
chain complex of the module generated by the good Reeb orbits. The differential is given by
∂γ = κγ
∑
γ′ : µ(γ′)=µ(γ)−1
nγ,γ′γ
′,
where nγ,γ′ = #(Mγ;γ′/R).
As observed in [EGH00] and [Yau04], cylindrical contact homology is well defined in certain
situations.
Theorem 2.4. If (V, ξ, α) has no Reeb orbits of index −1, 0 and 1, then ∂2 = 0, and
HC(V, ξ) is independent of choice of such α’s.
Remark 2.5. To understand the natural isomorphism between cylindrical contact homolo-
gies, let β = efα be another contact form for (V, ξ). In the symplectization of (V, α), the
section V ′ = {(p, ef(p)) : p ∈ V } has induced contact form β. The symplectization can be
regarded as a symplectic cobordism between (V ′, β) and (V, α). The count of 0-dimensional
moduli spaces of holomorphic cylinders asymptotic to Reeb orbits in V ′ and V defines a
chain map which induces isomorphism on homology.
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A slight generalization of cylindrical contact homology is well defined for all (V, ξ, α). Instead
of only cylinders, rational curves with arbitrarily many negative punctures are allowed. Let
Mγ;γ1,...,γk denote the moduli space of genus-0 holomorphic curves with a positive puncture
asymptotic to γ and several negative punctures asymptotic to {γ1, . . . , γk}. The expected
dimension of Mγ;γ1,...,γk is
dim Mγ;γ1,...,γk = µ(γ)−
k∑
i=1
µ(γi)
Definition 2.6. The contact homology algebra of V , HCcont(V ), is the homology of the
chain complex of the graded commutative algebra generated by the good Reeb orbits. The
differential of a single orbit is given by
∂γ = κγ
∑
nγ;γ1,...,γkγ1 . . . γk
where nγ;γ1,...,γk = #(Mγ;γ1,...,γk/R), and the sum is taken over all sets of orbits {γ1, . . . , γk}
such that µ(γ)−
∑k
i=1 µ(γi) = 1. The differential is extended to the entire algebra by Leibniz
rule.
Remark 2.7. In the language of [EGH00], the contact homology algebra defined here is the
specialization of their more general Hcont∗ (V ) at t = 0.
Remark 2.8. To simplify exposition we ignored asymptotic markers in our definitions.
Instead we hide it in the definition of nγ;γ1,...,γk . Curves in Mγ;γ1,...,γk/R need to be counted
with consistent weights, and the asymptotic makers contribute a certain combinatorial factor
depending on the multiplicities of the asymptotic Reeb orbits.
The natural isomorphism between contact homology algebras for different contact forms is
a direct generalization of the cylindrical case. The chain map is given by the count of 0-
dimensional moduli spaces of genus zero curves with one positive and several negative ends
in a cobordism interpolating between the contact forms.
Remark 2.9. Given a symplectic filling M of V , there is a natural augmentation on the
differential graded algebra for the contact homology algebra of V , coming from the count of
rigid holomorphic planes inM asymptotic to Reeb orbits on V . Using this augmentation one
can defined the linearized contact differential and the linearized contact homology of V with
respect to the filling M . See [BEE12] and [BO09] for detailed definitions and discussion.
If the cylindrical contact homology of V is well defined, and there is no rigid holomorphic
planes inM , then the cylindrical contact homology ofM is the same as the linearized contact
homology of V with with respect to M . This will be the case for subcritical Stein fillings.
Remark 2.10. Both HC(V ) and HCcont(V ) are naturally graded by H1(V ), given by the
sum of the homology classes of the orbits.
Suppose (M, ∂M) is a symplectic filling with c1(M) = 0. Let Mγ denotes the moduli space
of holomorphic planes in M asymptotic to the Reeb orbit γ with one interior marked point
x. It has expected dimension
dim Mγ = µ(γ) + 2
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Let θ ∈ H∗(M, ∂M) be a compactly supported closed form on M , and ev : u→ u(x) be the
evaluation map at the marked point.
Definition 2.11. A genus-0 one point correlator is an integral of the form∫
Mγ
ev∗(θ)
We may interpret the correlator as the intersection number of ev(Mγ) with the Poincare´
dual of θ. However, in general Mγ has codimension-1 boundary strata, therefore the value
of the correlator depends on θ, J and α. One way to have an invariant is to take a linear
combination of moduli spaces so that their codimension-1 boundaries cancel.
Proposition 2.12. Let (M, ∂M) be a symplectic filling with a contact form α on ∂M such
that all Reeb orbits have index at least 2. If a = [
∑k
i=1 ciγi] ∈ HCm(∂M) is a cycle in
cylindrical contact homology, and θ is a compactly supported closed (m + 2)-form, then the
value of the linear combination of correlators
k∑
i=1
ci
∫
Mγi
ev∗(θ)
is independent of all choices.
Proof. The proof by dimension count is the same as that of Theorem 2.4. By the compactness
theorem of [BEHWZ03], a codimension-1 stratum of Mγ consists of 2-story curves (u1, u2),
such that u1 ∈Mγ;β1,...,βl is a genus-0 holomorphic curve in the symplectization ∂M×R with
several negative ends; and u2 consists of l holomorphic planes in the fillingM , one asymptotic
to each βi. The marked point can be located on u1 or on any one of the holomorphic planes
of u2. Consider the image of such a stratum under the evaluation map. If the marked point
is on u1, then it is mapped to infinity (in other words to ∂M). Suppose the marked point
lies on the plane asymptotic to β1. If l > 1, then since all orbits have index at least 2,
µ(β1) ≤ µ(γ)− 1− µ(β2)− · · · − µ(βl) ≤ µ(γ)− 3 = m− 3
Therefore this stratum is mapped under the evaluation map to a chain of dimension µ(β1)+
2 ≤ m−1, which is of codimension at least 3. The only codimension-1 strata must have u1 an
index-1 holomorphic cylinder between γ and γ′, and u2 a holomorphic plane asymptotic to
γ′ with one marked point. By the definition of the cylindrical contact homology differential,
these strata cancel out for a cycle in cylindrical contact homology (which is well defined
by Theorem 2.4). Therefore
∑
ci ev(Mγi) is a cycle in Hm+2(M, ∂M). Furthermore since
the other boundary strata are of codimension at least 3, the homology class of this cycle is
invariant under homotopies of J , α, and all other choices. Hence
∑k
i=1 ci
∫
Mγi
ev∗(θ) is an
invariant. 
Remark 2.13. This condition on the minimum index of Reeb orbits will be satisfied for
the contact forms we consider for a subcritical Stein filling.
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To understand gravitational descendants in SFT, let us first recall their definition in Gromov–
Witten theory. Let Mg,n denote the compactified moduli space of nodal holomorphic maps
u from a genus g Riemann surface with n internal marked points, (Σ; p1, . . . , pn), to a closed
symplectic manifold (M,ω) with a compatible almost complex structure J . At each element
(u,Σ; p1, . . . , pn) of Mg,n, the cotangent space to Σ at the point pi is a complex line, they
patch together to form a line bundle Li over Mg,n, called the i-th tautological line bundle.
Denote its first Chern class by ψi = c1(Li).
There is a more geometrical interpretation of Li. Consider the embedding fi : Mg,n →
Mg,n+1, adding a ghost bubble at pi. In other words, the domain Σ˜ of fi(Σ; p1, . . . , pn, u) is
the nodal curve Σ ∪ CP 1, where CP 1 is attached at pi; the marked points on Σ˜ are located
at their original positions on Σ, except for pi, which is now on CP
1 together with pn+1; the
map u˜ equals u on Σ, and is the constant map u(pi) on CP
1. Then Li is the pullback of the
dual of the normal bundle of Mg,n in Mg,n+1.
Let {θi}
n
i=1 be closed forms on M of compact support, then a gravitational descendant is an
integral of the form ∫
Mg,n
ev∗1(θ1) ∧ ψ
l1
1 ∧ · · · ∧ ev
∗
n(θn) ∧ ψ
ln
n .
Its value depends only on the cohomology classes of {θi}
n
i=1.
From now on let us restrict to rational curves with one marked point. For exactly the same
reason as correlators, the values of the gravitational descendants in SFT will depend on the
actual form θ, as well as all choices made in the perturbation theory.
In Gromov–Witten theory, the ψ class can be interpreted as the zero set of a generic section
s of the tautological line bundle. We can do the same in the SFT setting. The ψ class
can be interpreted as the zero sets of a collection of generic coherent sections {s(Mγ)}
over all moduli spaces Mγ, which is compatible with the restriction maps to boundary
strata. For example, suppose a boundary stratum of Mγ is of the form Mγ;γ′ × Mγ′ ,
then s(Mγ) restricted to Mγ;γ′ ×Mγ′ is the pullback of s(Mγ′) under the projection map
Mγ;γ′×Mγ′ →Mγ′. Higher powers ψ
l can be inductively defined as the zero sets of generic
coherent sections of L⊗l over the zero sets representing ψl−1, weighted by a factor of 1
l
, since
c1(L) =
1
l
c1(L
⊗l). For a detailed treatment of coherent sections, see [Fab10]. Note that
coherent collections can always be constructed inductively.
Similar to Proposition 2.12, by dimension count we see that certain linear combinations of
descendants are numerical invariants of the symplectic filling. The proof is almost identical,
just replace all moduli spaces by the zero sets of suitable coherent sections.
Proposition 2.14. Let (M, ∂M) be a symplectic filling with a contact form α on ∂M such
that all Reeb orbits have index at least 2. If a = [
∑k
i=1 ciγi] ∈ HCm+2l(∂M) is a cycle in
cylindrical contact homology, and θ is a compactly supported closed (m + 2)-form, then the
value of the linear combination of descendants
k∑
i=1
ci
∫
Mγi
ev∗(θ) ∧ ψl
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is independent of all choices.
As pointed out in [OP], gravitational descendants are very closely related to counting curves
with certain ramification conditions at the marked point.
Let (M2n, ∂M, J) be an exact symplectic filling with a compatible almost complex structure
J . Suppose that, for the sake of simplicity, there is a point p ∈M such that J is standard in
a neighbourhood of p. Let Mγ(p) denote the moduli space of holomorphic planes with one
marked point asymptotic to a Reeb orbit γ on ∂M , such that the marked point is mapped
to p. Choose a neighbourhood, Bp of p, biholomorphic to the unit ball in C
n, and a complex
direction C ⊂ Cn. Let π be the orthogonal projection from Bp to C.
The domain of the holomorphic curves, C with one marked point, is not stable. We can
normalize so that the marked point is 0. The automorphism group is exactly C. The addition
of an extra marked point makes the domain stable. We will call the space of holomorphic
planes with one marked point the unparametrized curves, and the space of holomorphic
planes with two marked points the parametrized curves. The tautological line bundle L over
Mγ(p) is then the dual of the bundle of parametrized curves over unparametrized curves.
The fiber over each element u ofMγ(p) consists of a holomorphic map u˜ : C→M , together
with the C-family of reparametrizations of u˜, {u˜(cz), c ∈ C}. Note that c = 0 corresponds
to the nodal curve C ∪ CP 1 →M , where a constant ghost bubble is attached to u.
Observe that u˜ → ∂
∂z
|z=0(π ◦ u˜) is a section of the dual of the tautological line bundle.
Furthermore such sections form a coherent collection over different Mγ(p)’s. The zero set
of this section consists of (unparametrized) holomorphic curves u whose representative u˜,
after projection onto the chose C direction, has the form z → czk for some k ≥ 2. We will
often suppress the chosen complex direction, and simply refer to this zero set as curves with
ramification index 2.
Similarly, over the curves with ramification index 2, u˜ → ∂
2
∂z2
|z=0(π ◦ u˜) is a section of L
⊗2.
The zero set of this section is referred to as curves with ramification index 3.
Therefore if θ is Poincare´ dual to the point class, then
∫
Mγ ev
∗(θ)∧ψl can be interpreted as
the count of holomorphic planes passing through p with ramification index (l + 1), divided
by l!.
Remark 2.15. The above construction can be made to work in more general settings.
However for simplicity the following is sufficient for the purpose of this paper. Suppose there
exists an open set L ⊂M satisfying the following:
• L is biholomorphic to a submanifold of a product almost complex manifold M ′ ×C;
• for each element of H(M), there exists a cycle representative which lies entirely in L.
Then ramification index can be defined with respect to the vertical complex direction C as
above, so that
∫
Mγ (l!) ev
∗(θ)∧ψl is the count of holomorphic planes passing through a cycle
α ⊂ L Poincare´ dual to θ, with ramification index (l + 1).
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3. Stein and Weinstein manifolds
An open complex manifold (M2n, J) is Stein if it can be realized as a properly embedded
complex submanifold of some CN . A smooth function f : M → R is exhausting if it is proper
and bounded from below. Let dJf denote df ◦ J . The function f is plurisubharmonic if the
associated 2-form ωf = −dd
Jf is a symplectic form taming J , i.e., ωf(v, Jv) > 0 for every
non-zero tangent vector v. Plurisubharmonicity is an open condition. We can therefore
assume f to be Morse. By a theorem of Grauert, an open complex manifold is Stein if and
only if it admits a plurisubharmonic function.
A Stein manifold (M2n, J) with an exhausting plurisubharmonic function f admits the fol-
lowing associated structures:
• a symplectic form ωf = −dd
Jf which is J-invariant,
• a primitive α = −dJf ,
• a vector field Y such that α = ιY ω,
• a metric g(v, w) = ω(v, Jw).
Since LY ω = ιY dω + d(ιY ω) = dα = ω, the vector field Y is Liouville, i.e., the flow of Y
expands the symplectic form. In fact Y is the gradient vector field of f with respect to the
metric g,
df = −df ◦ J ◦ J = α ◦ J = (ιY ω) ◦ J = ιY g.
The function f can always be rescaled so that Y becomes a complete vector field. We
will assume all plurisubharmonic functions produce complete Liouville vector fields unless
otherwise specified. If M admits a plurisubharmonic Morse function f with finitely many
critical points, then M is of finite type. The unstable submanifold of each critical point of f
is an isotropic submanifold with respect to the symplectic form ωf , so the Morse index is no
greater than the complex dimension of M . A Stein manifold M is subcritical if it admits a
plurisubharmonic Morse function f with all critical points having Morse index strictly less
than n.
From now on we will restrict ourselves to Stein manifolds of finite type. All plurisubharmonic
functions are assumed to be Morse unless otherwise stated. By a theorem of Eliashberg and
Gromov, a Stein manifold carries a canonical symplectic structure. A different choice of
plurisubharmonic function corresponds to a different choice of complete Liouville vector
field Y on the same symplectic manifold.
Theorem 3.1 ([EG91]). Let f and g be two plurisubharmonic functions which induce com-
plete Liouville vector fields on a Stein manifold M . Then the manifolds (M,ωf) and (M,ωg)
are symplectomorphic.
Two Stein structures (M,J0) and (M,J1) are Stein homotopic if there is a continuous family
of Stein structures (M,Jt) with exhausting plurisubharmonic functions ft such that the
critical points of ft stay in some compact subset during the homotopy. Two Stein manifolds
(M0, J0) and (M1, J1) are deformation equivalent if there exists a diffeomorphism φ : M0 →
M1 such that (M0, J0) and (M0, φ
∗J1) are Stein homotopic.
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A Stein manifold is split if it is of the form (M ′ × C, J ′ × i), where (M ′, J ′) is Stein. For a
split Stein manifold we can use the plurisubharmonic function f = f ′+ 1
4
(x2n+ y
2
n), where f
′
is a plurisubharmonic function on M ′ and (xn, yn) is the Euclidean coordinate of C.
Theorem 3.2 ([Cie02]). Every subcritical Stein manifold is deformation equivalent to a split
one.
If (M0, J0) and (M1, J1) are deformation equivalent, then (M0, ωf0) and (M1, ωf1) are sym-
plectomorphic. Hence we will always treat a subcritical Stein manifold as split.
It turns out that the existence of a integrable complex structure on M is purely topological.
Theorem 3.3 ([Eli90]). For n ≥ 3, any almost complex structure J on a 2n-dimensional
manifoldM which admits an exhausting Morse function f with all critical points of index ≤ n
is homotopic to an integrable Stein complex structure J˜ such that f is J˜-plurisubharmonic.
We may then work with the more relaxed notion of a Weinstein manifold. A symplectic
manifold M2n is Weinstein if it admits a Liouville vector field Y and a Morse function f
such that Y is gradient-like with respect to f . It is of finite type if f has finitely many
critical points, complete if the Liouville vector field is complete, and subcritical if all critical
points are of index strictly less than n. For a complete Weinstein manifold of finite type,
we can normalize f so that all critical values are less than 1. Then M is a symplectic filling
with a cylindrical end symplectomorphic to V × [0,∞), where V is the level set {f = 1}.
The closed subset {f ≤ 1} is called a Weinstein domain. We will often abuse notation and
denote the level set V by ∂M , and the Weinstein domain by M as well. From now on all
Weinstein manifolds are assumed complete and of finite type.
Similarly, a Weinstein structure (M,ω, Y, f) is split if it is of the form
(M ′ × C, ω′ + dx ∧ dy, Y ′ +
1
2
(x∂x + y∂y), f
′ + κ(x2 + y2)),
where (M ′, ω′, Y ′, f ′) is Weinstein, (x, y) is the Euclidean coordinate on C, and κ a positive
real constant.
A Weinstein manifold can be reconstructed by symplectic handle attachments in the same
way as classical Morse theory.
An index-k handle of real dimension 2n is modeled on the complex n–dimensional space Cn
with the standard symplectic form ωst together with a standard complete Liouville vector
field Yst. Let (xi, yi) be the Euclidean coordinates, ωst =
∑n
i=1 dxi ∧ dyi.
Define
Yst =
k∑
i=1
(
2xi
∂
∂xi
− yi
∂
∂yi
)
+
n∑
j=k+1
1
2
(
xj
∂
∂xj
+ yj
∂
∂yj
)
,
Yst is the gradient vector field of the function
fst =
k∑
i=1
(x2i −
1
2
y2i ) +
n∑
j=k+1
1
4
(x2j + y
2
j )
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with respect to the Euclidean metric. It is easy to check that LYstωst = ωst.
Let the 1-form αst be the contraction ιYstωst, it restricts to a contact 1-form on any hyper-
surface V transverse to Yst.
αst =
k∑
i=1
(2xidyi + yidxi) +
n∑
j=k+1
1
2
(xjdyj − yjdxj).
The core of an index-k handle is an isotropic k-disk
Dst =
{
k∑
i=1
y2i ≤ 1, xi = xj = yj = 0
}
.
Let its boundary sphere be
Sst =
{
k∑
i=1
y2i = 1, xi = xj = yj = 0
}
.
Let b1, b
′
1, . . . , bk, b
′
k, ak+1, . . . , an be positive constants. A standard contact handle is the
surface
V+ =
{
k∑
i=1
(bix
2
i − b
′
iy
2
i ) +
n∑
j=k+1
aj(x
2
j + y
2
j ) = 1
}
.
The standard contact handle V+ is everywhere transverse to the Liouville vector field Yst.
Let U to be the interior of V+,
U =
{
k∑
i=1
(bix
2
i − b
′
iy
2
i ) +
n∑
j=k+1
aj(x
2
j + y
2
j ) ≤ 1
}
.
For any set of constants {b′i}, we can choose {bi, aj} sufficiently large such that U is an arbi-
trarily small tubular neighbourhood of Dst. The cylinder V− = {
∑k
i=1 y
2
i = 1} is transverse
to the Liouville vector field Yst, and Sst is an isotropic sphere on the contact manifold V−.
Suppose we have a Weinstein domain (M,ω, Y, ∂M). If S is an isotropic (k−1)-sphere on ∂M
together with a trivialization of the symplectic subnormal bundle, then using the following
standard neighbourhood theorem, we can attach a sufficiently small tubular neighbourhood
U of Dst to M , identifying Sst with S:
Theorem 3.4 ([Wei91]). For i = 1, 2 let (Mi, ωi, Yi, Vi, Si) be a symplectic manifold (Mi, ωi)
with Liouville vector field Yi, hypersurface Vi transverse to Yi, and isotropic submanifold Si of
Vi. Given a diffeomorphism from S1 to S2 covered by an isomorphism between their symplectic
subnormal bundles, there exist neighbourhoods Ni of Si in Mi and a symplectomorphism Φ
between them extending the given diffeomorphism between Si, such that (N1, ω1, Y1, V1, S1) is
taken to (N2, ω2, Y2, V2, S2).
Apply Theorem 3.4 to the pair (M,ω, Y, ∂M, S) and (Cn, ωst, Yst, V−, Sst) to attach U to M ,
using the natural framing for the trivial symplectic normal bundle of Sst,{
∂xk+1, ∂yk+1 , . . . , ∂xn , ∂yn
}
.
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The new Weinstein domain M ∪U is called a symplectic handle attachment of index-k. The
Liouville vector field Y˜ on M ∪ U is the original Y on M and Yst on U . The boundary of
M ∪U is called a contact handle attachment of index-k. Topologically, ∂(M ∪U) is the result
of an index-k surgery on ∂M .
Note that after a handle is attach, the same attaching map Φ can be used to attach a thinner
handle U ′ ⊂ U .
Remark 3.5. The Morse function f on M can also be extended to M ∪ U . Define g on U
to be the quadratic
g =
1
K
(
k∑
i=1
(bix
2
i − b
′
iy
2
i ) +
n∑
j=k+1
aj(x
2
j + y
2
j )
)
+
K − 1
K
The level set {g = 1} is exactly V+. For sufficiently large K, f˜ = min(f, g) is an extension
of f to M ∪ U .
Remark 3.6. The contact handle attachment ∂(M ∪ U) has a corner where V+ intersects
V−. In order to have a smooth surface we have to round the corner. The rounding procedure
can be done in an arbitrarily small neighbourhood of the intersection, and will not affect
any of our arguments. In terms of the Morse function f˜ , this means we have to smooth f˜ in
near where f = g. Again this can be done in an arbitrarily small neighbourhood of V− (the
set {f = g} can be brought into any small neighbourhood of V− by choosing K large), and
will not affect any argument. Hence from now on we will assume that the Morse function f
for a Weinstein domain M is quadratic on each handle.
Let M2n = (M ′ × C, ω′ + dxn ∧ dyn, Y ′ + 12(xn∂xn + yn∂yn), f
′ + κ(x2n + y
2
n)) be a split
Weinstein manifold of finite type such that c1(M) = 0. By Remark 3.6 we can assume
that (M ′, f ′) is obtained from handle attachments, and that f ′ is quadratic on each handle.
Then clearly by construction, M is made up from handles of the same Morse index, and f
is also quadratic on each handle. The handle attaching maps of M are precisely those of M ′
together with the identity map on the C-factor. Let ρ be the vertical projection ∂M →M ′.
Note that the part of ∂M over M ′ \ ∂M ′ is a circle bundle.
Proposition 3.7. Let Let M2n = (M ′ × C, ω′ + dxn ∧ dyn, Y ′ + 12(xn∂xn + yn∂yn), f
′ +
κ(x2n + y
2
n)) be a split Weinstein domain of finite type such that c1(M) = 0. Given any
positive integer N , there exists κ sufficiently large such that any Reeb orbit on ∂M of index
≤ N is a multiple cover of a circle fibre ρ−1(p) over a critical point p of f ′ on M ′. Denote
this orbit by γmp , where m is its multiplicity. The index of γ
m
p is 2m + 2n − 4 − index(p),
where index(p) is the Morse index of the critical point p.
Proof. This is proved in [Yau04]. We sketch an argument: the Reeb flow is a bounded mul-
tiple of the Hamiltonian flow, hence they share the same orbits and the Maslov index for
the Hamiltonian flow can be used to bound the Maslov index of the Reeb flow. The Hamil-
tonian flow on ∂M consists of a constant rotation in the C-component and a Hamiltonian
flow on M ′. As we increase κ, the rotational speed in the C-component increases while the
Hamiltonian flow on M ′ remains the same. If the image of an orbit γ is not constant on M ′,
14 JIAN HE
then for γ the number of complete rotations in the C-component will also increase with κ,
adding 2 to the Maslov index per rotation. Therefore the the only orbits whose index stay
bounded are those that project to a constant on M ′. We refer to Theorem 3.1 and Lemma
4.4 of [Yau04] for details and the index computation. 
Remark 3.8. Since M is subcritical, index(p) ≤ n− 1, hence the minimum index of a Reeb
orbit is 2 + 2n − 4 − (n − 1) = n − 1 ≥ 2. The index calculation also shows that both
the cylindrical and contact homology algebra exist only in the trivial class of the homology
grading in Remark 2.10, since the orbits γmp are in fact contractible on ∂M .
Rotation in the C-factor, (p, z) → (p, eiθz), is an S1-action on the split Weinstein domain
(M, ∂M). We can choose an S1-invariant compatible complex structure J on the contact
distribution ξ of ∂M . Denote ∂θ = xn∂yn − yn∂xn ∈ TC ⊂ TM to be the vector field
generating the S1-rotation, and ∂r = xn∂xn + yn∂yn . Let the associated vector field Z =
dρ(J∂θ|∂M) be the projection of J∂θ onto TM
′. Suppose u(s, t) : R × S1 → ∂M × R is an
S1-invariant holomorphic cylinder in the symplectization ∂M ×R, then up to R-translation,
u is uniquely determine by the projection u′(s, t) : R × S1 → ∂M . Since u′(s, t) is still
S1-invariant, it projects to a trajectory of Z on M ′. Conversely, for each multiplicity m, a
trajectory of Z on M ′ lifts to a m-fold covered holomorphic cylinder u, such that ∂u
∂t
= m∂θ
and ∂u
∂s
= −J∂θ.
Proposition 3.9. If the vector field Z is of Morse–Smale type, then each S1-invariant
holomorphic cylinder
u(s, t) : R× S1 → ∂M × R
is regular.
Proof. Lemma 7.5 of [Yau04] and Theorem 7.3 of [SZ02]. 
Remark 3.10. We will define J such that it takes a standard form near the critical points,
so Z is Morse. A generic perturbation of J away from the critical points will then make Z
Morse–Smale.
Consider the k-fold branch cover
Θk : ∂M → ∂M, Θk(p, re
iθ) = (p, reikθ).
The contact form on ∂M takes the form
α = ιY ω = ιY ′ω
′ +
1
2
(xndyn − yndxn).
Since α is S1-invariant, we can push forward α to another contact form αk on ∂M ,
αk = (Θk)∗α = ιY ′ω
′ +
1
2k
(xndyn − yndxn).
The push forward of an S1-invariant compatible complex structure J on (∂M, α) will be an
S1-invariant compatible complex structure on (∂M, αk),
Jk = dΘk ◦ J ◦ dΘ
−1
k .
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Remark 3.11. Recall that (∂M, α) is identified with the hypersurface V = {f ′+κ(x2n+y
2
n) =
1} in M . We can identify (∂M, αk) with the hypersurface Vk = {f
′ + kκ(x2n + y
2
n) = 1} as
follows: let Ψk be the diffeomorphism M
′×C→M ′×C : Ψk(p, xn+ iyn) = (p, 1√k(xn+ iyn)).
Then Ψk(V ) = Vk, and αk = Ψ
∗
k(ιY ω|Vk) is the pullback of the restriction of ιY ω to Vk. We
use Ψk to push forward the complex structure Jk on V to Vk, and will still denote it by Jk.
The associated vector field Zk for (Vk, Jk) is just
Z
k
. In particular, it stays Morse–Smale.
Proposition 3.12. Given an S1-invariant compatible complex structure J on (∂M, α) such
that the associated vector field Z is Morse–Smale, there exist k0 such that for all k > k0, and
all pairs of Reeb orbits (γ, γ′) with µ(γ′) + 1 = µ(γ) < N , the elements of M(γ, γ′) in the
symplectization of (∂M, αk, Jk) are S
1-invariant.
Proof. Lemma 7.6 of [Yau04]. 
Theorem 1.1 follows immediately from Propositions 3.9 and 3.12. Moreover, the associated
vector field Z is always gradient–like for the function f ′. Thus the differential for HC(∂M)
for each orbit multiplicity coincides with the Morse differential of f ′ on chain level.
Lemma 3.13. The vector field Z is gradient–like with respect to f ′.
Proof. Since ∂θ is tangent to ∂M , in the decomposition TM |∂M = ξ ⊕ RY ⊕ RR, we have
∂θ = ∂θ − α (∂θ) · R⊕ 0 · Y ⊕ α (∂θ) · R
= ∂θ −
1
2
(x2n + y
2
n) · R⊕ 0 · Y ⊕
1
2
(x2n + y
2
n) · R
J∂θ = J
(
∂θ −
1
2
(x2n + y
2
n) · R
)
⊕−
1
2
(x2n + y
2
n) · Y ⊕ 0 · R
The first projection to ∂M = V × {0} ignores the Y -coordinate (the R-coordinate of the
symplectization),
Z = dρ
(
J
(
∂θ −
1
2
(x2n + y
2
n)R
))
Since J
(
∂θ −
1
2
(x2n + y
2
n)R
)
∈ ξ,
α
(
J
(
∂θ −
1
2
(x2n + y
2
n)R
))
= 0
df
(
J
(
∂θ −
1
2
(x2n + y
2
n)R
))
= 0
From these we can find the coefficient of ∂r and ∂θ,
J
(
∂θ −
1
2
(x2n + y
2
n)R
)
= Z −
2α′(Z)
x2n + y
2
n
∂θ −
df ′(Z)
2κ(x2n + y
2
n)
∂r
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Since ω = ω′ + dxn ∧ dyn tames J , if ∂θ 6= 12(x
2
n + y
2
n)R (i.e., we are not over a critical point
of f ′), then
0 < ω
(
∂θ −
1
2
(x2n + y
2
n)R, Z −
2α′(Z)
x2n + y
2
n
∂θ −
df ′(Z)
2κ(x2n + y
2
n)
∂r
)
= ω
(
∂θ, Z −
2α′(Z)
x2n + y
2
n
∂θ −
df ′(Z)
2κ(x2n + y
2
n)
∂r
)
=
df ′(Z)
2κ
Thus df ′(Z) > 0 for Z 6= 0, and Z is indeed gradient–like. 
Remark 3.14. In standard Morse theory the negative gradient flow is used to define
stable and unstable submanifolds of a critical point. We keep this convention: the unstable
submanifold of p, Up, consists of positive trajectories of −Y flowing out of p.
The new ingredient in this paper is to construct a suitable extension of a compatible S1-
invariant complex structure J on ∂M to the entire symplectic filling. The technical result,
which will be proved in Section 5, is the following:
Proposition 3.15. Let M2n = (M ′×C, ω′+dxn∧dyn, Y ′+ 12(∂xn+∂yn), f
′+κ(x2n+y
2
n)) be
a split Weinstein manifold of finite type such that c1(M) = 0, and ρ : M → M
′ the projection
onto first factor. Given any positive integer N , there exists a modification of f ′, κ sufficiently
large, and a compatible complex structure J on M such that the following hold:
(1) the complex structure J is S1-invariant. Moreover J = J |TM ′ ⊕ i on M
′ =M ′×{0},
where i is the standard complex structure on C, so M ′ becomes an almost complex
submanifold;
(2) the contact form α and compatible complex structure J on ∂M satisfy Proposition
3.7 and Proposition 3.12;
(3) J satisfies Remark 2.15, there is a neighbourhood L of the union of the unstable
submanifolds Up on which J(p, z) = J
′(p)⊕ i is split;
(4) if p and q are critical points of f ′ and index(q) < index(p), then there is no holomor-
phic plane asymptotic to a Reeb orbit γmp , µ(γ
m
p ) ≤ N , which passes through a point
on Uq;
(5) if index(q) = index(p), then there is precisely one holomorphic plane asymptotic to
γmp , such that the marked point is mapped to Uq with ramification index m, namely
the m-fold branch cover of the vertical plane ρ−1(p) over p, ρ−1(p)(zm) (this forces
p = q). Moreover this plane is regular.
Assuming Proposition 3.15 we will prove Theorems 1.2 and 1.3.
Proof of Theorem 1.2. It is enough to prove Theorem 1.2 up to some degree N0 for a
suitable choice of contact form α0. The general statement then follows by taking a sequence
Ni → ∞, and taking a limit of the contact homology algebras for αi, using the natural
isomorphisms between homology algebras of different contacts forms.
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Let Crit(f ′) be the vector space generated by the critical points of f ′ with the cohomology
grading, i.e., p has grading 2n− index(p). Let
Λ
( ∞⊕
m=1
Crit(f ′)[2m− 4]
)
be the graded commutative tensor algebra generated by the directs sum of shifted copies of
Crit(f ′). Take the Morse cohomology differential on each copy Crit(f ′)[2m− 4] and extend
by the Leibniz rule. Denote by dMorse the resultant differential on Λ (
⊕∞
m=1 Crit(f
′)[2m− 4]).
The homology of the differential grade algebra (Λ (
⊕∞
m=1Crit(f
′)[2m− 4]) , dMorse) is easily
seen to be Λ (
⊕∞
m=1H(M, ∂M)[2m − 4]).
Fix some N0. For a suitable contact form α0, we will construct a chain map Φ between the
differential graded algebra chain complex for contact homology with respect to α0, and the
complex (Λ (
⊕∞
m=1Crit(f
′)[2m− 4]) , dMorse). We finish the proof by showing that Φ is a
quasi-isomorphism in degrees < N0.
Choose a setup (M, ∂M, J) as in Proposition 3.15. From now on we will only consider the
truncated complexes with grading ≤ N0. Denote the critical point p ∈ Crit(f
′)[2m−4] by pm.
Choose a total order on the critical points, such that p < q if 2n− index(p) < 2n− index(q).
Write down each generator of Λ (
⊕∞
m=1 Crit(f
′)[2m− 2]) in the form
∏k
i=1 p
mi
i , such that if
i < j, then pi ≤ pj, and mi < mj if pi = pj. Let |
∏k
i=1 p
mi
i | =
∑k
i=1(2n− index(pi)+2mi−4)
denote the grading of
∏k
i=1 p
mi
i . Define a total order on the generators as follows
k∏
i=1
pmii <
l∏
i=1
qnii
(1) if |
∏k
i=1 p
mi
i | < |
∏l
i=1 q
ni
i |;
(2) if the gradings are equal and k > l;
(3) if the gradings are equal, k = l, and (p1, p2, . . . , pk) < (q1, q2, . . . , qk) in the lexico-
graphical order induced by the total order on the critical points.
As in Proposition 3.7, the generators of the chain complex for the contact homology algebra
are of the form
∏k
i=1 γ
mi
pi
. There is a natural bijection between these and the generators
of Λ (
⊕∞
m=1Crit(f
′)[2m− 2]), taking γmp to p
m. Note that this bijection preserves grading.
The bijection and the order on the generators of Λ (
⊕∞
m=1 Crit(f
′)[2m− 2]) induce an order
on the generators of the contact homology complex.
Let Mγ((p1, m1), · · · , (pk, mk)) be the moduli space of holomorphic planes with k marked
points, {xi}
k
i=1, asymptotic to γ, such that each xi is mapped to the unstable manifold
Upi with ramification index mi (recall that ramification index is defined with respect to
the vertical complex direction C). The expected dimension of Mγ((p1, m1), · · · , (pk, mk)) is
µ(γ)− |
∏k
i=1 p
mi
i |.
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Define the map Φ by
Φ(γmp ) =
∑
µ(γmp )=|
∏k
i=1 p
mi
i |
c
k∏
i=1
pmii ,
where the coefficient c is the count of rigid holomorphic curves inMγmp ((p1, m1), · · · , (pk, mk)),
and the sum is taken over all k, pi, mi. Extend Φ to the entire complex by Leibniz rule.
To see that Φ is a chain map, consider γmp and
∏k
i=1 p
mi
i with |
∏k
i=1 p
mi
i | = µ(γ
m
p )− 1. For
each i, perturb Upi by taking parallel copies very close by. Since dim(Upi) ≤ n− 1, they can
be assume to be pairwise disjoint. Since the marked points are constrained on disjoint sets,
the complicated degeneration phenomenon, where marked points collide and ramification
indices change, does not occur. Therefore the boundary of the one dimensional moduli space
Mγmp ((p1, m1), · · · , (pk, mk)) consists of two types of curves:
(1) the domain undergoes SFT degeneration: u is a 2-story curve (u1, u2), such that
u1 ∈ Mγmp ;γ1,...,γl is a genus-0 holomorphic curve in the symplectization of ∂M ; and
u2 consists of l holomorphic planes in the filling M , one asymptotic to each γj. The
k marked points with constrain and ramification condition are distributed on the l
planes of u2.
(2) one marked point xi is mapped to the boundary of Upi.
Curves of the first type correspond precisely to terms in Φ◦∂, and curves of the second type
correspond to terms in dMorse ◦ Φ. Therefore Φ ◦ ∂ + dMorse ◦ Φ = 0, and Φ is a chain map.
To see that Φ is a quasi-isomorphism, consider the matrix for Φ with respect to the generators
ordered as above. By parts (4) and (5) of Proposition 3.15, this matrix is upper triangular,
and the diagonal entries are 1. Hence Φ is invertible and a quasi-isomorphism. 
Proof of Theorem 1.3. To compute the cylindrical contact homology group in degree k,
choose N0 >> k and m0 sufficiently large so that all Reeb orbits of index < N0 are of the
form γmp with m ≤ m0. By Proposition 3.12, for each orbit multiplicity m, with a grading
shift, the differential for cylindrical contact homology is the same as the differential for the
Morse cohomology (because we count positive flows of a gradient–like vector field Z) of M .
Therefore
HCk(∂M) ∼=
∞⊕
m=1
H2m+2n−4−k(M) ∼=
∞⊕
m=0
Hk+2−2m(M, ∂M).
Define ι to be this isomorphism. Note that ιm detects orbits of multiplicity (m + 1). Fur-
thermore, by Lemma 3.13, both vector fields Z and Y are gradient-like with respect to f , so
they have the same Morse differential. Therefore the isomorphism ι is in fact a chain level
identification of the generators and differential of HC(∂M) with those of the Morse theory
of the Liouville vector field Y .
Let {p1, p2, . . . , pN} be the set of critical points, and a =
∑N
i=1 ciγ
mi
pi
an element of HCk.
The multiplicity mi is determined by 2mi + 2n − 4 − index(pi) = k. The Poincare´ dual
of a compactly supported closed (k + 2 − 2l)-form θ can be represented by a pseudo–cycle,∑N
j=1 bjUpj , of unstable submanifolds of critical points of index 2n + 2l − 2 − k, i.e., bj = 0
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unless index(pj) = 2n+2l−2−k. The descendant
∑N
i=1 ci
∫
M
γ
mi
pi
ev∗(θ)∧ψl is the weighted
algebraic count of the number of holomorphic planes asymptotic to any one of γmipi , and
passing through the pseudo–cycle
∑N
i=1 bjUpj with ramification index (l + 1).
If mi > l+1, then the Morse index of pi is 2mi+2n− 4− k > 2l+2n− 2− k. Therefore by
part (4) of Proposition 3.15, there is no holomorphic plane asymptotic to γmipi and passing
through
∑N
i=1 bjUpj (regardless of ramification index).
If mi < l+1, then by part 1 of Proposition 3.15, M
′ = M ′×{0} is a real codimension 2 com-
plex submanifold. Since the asymptotic orbit γmipi winds mi times around M
′, a holomorphic
plane asymptotic to γmipi has intersection number mi with M
′. However a ramification point
of index (l + 1) already contributes more than mi to the intersection number. By positiv-
ity of intersections, there is no holomorphic plane asymptotic to γmipi and passing through∑N
i=1 bjUpj with ramification index (l + 1).
If mi = l + 1, then by part (5) of Proposition 3.15, there is precisely one such regular
holomorphic plane whenever i = j. Therefore
N∑
i=1
ci
∫
M
γ
mi
pi
ev∗(θ) ∧ ψl =
1
l!
N∑
i=1
cibi.
The natural pairing between homology and cohomology can been seen from its Morse theory
by representing an element of H2n−k(M, ∂M) ∼= Hk(M) as a linear combination of the
stable submanifolds Spi. The intersection pairing between H2n−k(M, ∂M) and Hk(M) is
then generated by Spi ∩ Upj = δij .
Therefore
∑
cibjδij is the intersection number of ιl(a), which we realize as a linear combina-
tion of the stable submanifolds of the critical points, with the Poincare´ dual of θ. In other
words,
k∑
i=1
ci
∫
Mγi
ev∗(θ) ∧ ψl =
1
l!
< ιl(a), [θ] > . 
4. Subcritical Polarizations
A polarized Ka¨hler manifold (M,ω, J,Σ) is a Ka¨hler manifold (M,ω, J) with an primitive
integral Ka¨hler form ω and a smooth reduced complex hypersurface Σ representing the
Poincare´ dual of k[ω]. The number k is called the degree of the polarization.
There is a canonical plurisubharmonic function fΣ : M \Σ→ R associated to a polarization.
Let L be the holomorphic line bundle associated to the divisor Σ and s the holomorphic
section (unique up to scalar multiplication) of L whose zero section is Σ. Choose a hermitian
metric ‖ · ‖ such that the compatible metric connection ∇ has curvature R = 2πikω. Then
define
fΣ = −
1
4πk
log ‖s(x)‖2.
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It is not hard to check that fΣ is plurisubharmonic and in fact −dd
JfΣ = ω. All the critical
points of fΣ lie within a compact subset of M \ Σ.
A polarization is subcritical if there is a plurisubharmonic Morse function f such that (M \
Σ, J, f) is a subcritical Stein manifold, and f = fΣ outside a compact subset of M \ Σ.
Split M along a level set V = ‖s(x)‖ = ǫ into a composition of two symplectic fillings by the
standard stretching the neck construction (described in detail in Section 1.3 of [EGH00]).
One filling is M \ Σ, and the other is the complex normal bundle of Σ in M .
Lemma 4.1. If (M,Σ) is a subcritical polarization such that c1(M \ Σ) = 0. Let D be the
cohomological dimension of M \ Σ, i.e. the highest non-vanishing cohomology degree. Then
(1) under the H1–grading, the contact homology algebra HC
cont(V ) vanishes except for
the trivial class.
(2) under the Z–grading, the lowest non-vanishing group of HCcont(V ) is
HCcont2n−2−D(V ) ∼= H
D(M \ Σ).
Proof. By Proposition 3.15, there exist a choice of V ′ = ∂(M \ Σ) such that all non-
contractible Reeb orbits have arbitrarily large index. Hence HCcont is non-trivial only for
the trivial class in H1. As pointed out in Remark 3.8, each Reeb orbit has index at least
n − 1, thus a product of more than one orbit has index at least 2n − 2. Hence the chain
groups of index less than 2n − 2 are linearly generated by orbits γmp . Since there are no
products, the contact homology algebra differential coincides with the cylindrical contact
homology differential. By Proposition 3.12, this coincides with copies of a Morse differential
on M \ Σ. In particular, the first non-vanishing group is HCcont2n−2−D(V ) ∼= H
D(M \ Σ). 
Proposition 4.2. If (M2n, ω, J,Σ, k) is a subcritical polarization such that c1(M \ Σ) = 0,
then the degree of polarization is 1.
Proof. The proof is already sketched in [EGH00]. We fill in some details. Consider the
normal bundle L over Σ and let V ⊂ L be the unit circle bundle. To keep orientation of
V consistent with that of the subcritical complement, L is regarded as a symplectic filling
with a negative end symplectomorphic to V × (−∞, 0]. The Reeb flow on V is fibrewise
rotation, and each fibre of V is a Reeb orbit. We are now in the Morse–Bott setup. We refer
to [Bou04] and [BEHWZ03] for precise definitions, index computations, and compactness
results.
Choose an auxiliary Morse function F on Σ. The chain complex for HCcont(V ) is generated
by Reeb orbits (including their multiple covers) which lie above the critical points of F . The
differential counts the number of generalized holomorphic curves of expected dimension 1. A
generalized holomorphic curve consists of multiple stories, each story is either a holomorphic
curve in V ×R asymptotic to Reeb orbits over points on Σ (not necessarily the critical points
of F ), or fragments of gradient trajectories of F connecting points on Σ. Furthermore the
set of Reeb orbits on the positive end and negative end of consecutive stories match.
The symplectization of V can be identified with the complement of the zero-section of L.
Assume at first that there is a regular complex structure J on Σ for its Gromov-Witten
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theory (for example, if Σ is semi-positive). Choose a C∗-invariant complex structure J˜ on
L such that the projection π : (L, J˜) → (Σ, J) is holomorphic. A J˜-holomorphic curve u
in V × R projects to a J-holomorphic sphere π ◦ u : CP 1 → Σ, and can be viewed as a
meromorphic section of the induced complex line bundle (π ◦ u)∗L over CP 1. The location
and multiplicities of the poles and zeros are determined by the multiplicities of the asymptotic
Reeb orbits at positive and negative infinity.
The linearized ∂ operator Du splits as the sum of D(pi◦u), the linearized ∂ operator for the
Gromov-Witten theory on (Σ, J), andDL, the linearized ∂ operator for meromorphic sections
of the induced line bundle (π ◦ u)∗L. By regularity assumption of J , Dpi◦u is surjective. By
Riemann–Roch, DL is always surjective. Therefore any J˜ -holomorphic curve u is regular.
Moreover, since meromorphic sections come in C∗-families, the index of u is at least 2.
Hence the index-1 generalized holomorphic curves consist entirely of gradient trajectories of
the auxiliary Morse function F . Therefore HCcont(V ) ∼=
⊕∞
i=1H(Σ), with a copy of H(M)
for each orbit multiplicity. In particular, the simple orbit γ over the minimum of F is a
cycle. By Lemma 4.1, γ is in the trivial class of H1(V ), and therefore has a capping surface
on V . Together with the disk which γ bounds in the fibre of L, we have a closed surface in
M which intersects Σ once. Therefore Σ cannot represent a multiple of an integral class in
H2(M), so the degree of the polarization must be k = 1.
For the general case we can apply either the domain dependent perturbation of [CM07], or
the polyfold theory of [HWZ11], to achieve transversality for the Gromov-Witten theory on
Σ, and hence surjectivity of Dpi◦u. The argument then follows in identical fashion. 
Proposition 4.3. If (M2n, ω, J,Σ, k) is a subcritical polarization such that c1(M \ Σ) = 0,
then Σ is monotone.
Proof. By Lefschetz theorem and Thom isomorphism, c1(TM) vanishing on M \ Σ implies
c1(TM) is Poincare´ dual to a multiple of the divisor Σ. On Σ, c1(TM) = c1(TΣ) + c1(L).
Being the Euler class, c1(L) is Poincare´ dual to Σ. Hence c1(TΣ) is also a multiple of [Σ].
We need to check that it is in fact a positive multiple.
By Proposition 4.2, the degree of a subcritical polarization is k = 1, and
HCcont(V ) ∼=
∞⊕
i=1
H(Σ). (2)
We compute the grading shift of each copy of H∗(Σ). Let γ be a simple fibre on V . Let
A = A1 ∪ A2 be the union of the disk A1 which γ bounds on the fibre of L, and a capping
surface A2 of γ on V . On γ, the contact distribution ξ is TΣ. If we trivialize ξ over A1
and take the split trivialization, then the linearized Reeb flow is identity, so the Maslov
index is 0. The Maslov index of γ with respect to a trivialization over A2 is therefore
2c1(TΣ, A). By [Bou04], the Reeb orbit γ over an index-i critical point of F has Maslov
index 2c1(TΣ, A)−
1
2
dim(Σ) + i. Therefore the grading of γ in contact homology is
(n− 3) + 2c1(TΣ, A)− (n− 1) + i = 2c1(TΣ, A) + i− 2.
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Similarly, the grading for a multiplicity-l orbit is
2lc1(TΣ, A) + i− 2. (3)
By (2) and (3), if c1(TΣ, A) is negative, then HC
cont(V ) is non-trivial in arbitrarily low
degrees, contradicting the second part of Lemma 4.1. If c1(TΣ, A) = 0, then the lowest
graded non-vanishing group of HCcont(V ) is infinitely generated, again contradicting Lemma
4.1. Therefore c1(TΣ, A) is positive, and the lowest graded non-vanishing group is
H0(Σ) ∼= HC
cont
2c1(TΣ,A)−2
∼= HCcont2n−2−D ∼= H
D(M \ Σ). (4)
Note that A intersects Σ positively (by the choice of orientation on A1). Therefore < [Σ], A >
is also positive, and c1(TΣ) is a positive multiple of ω = [Σ]. 
Proof of Theorem 1.7. Let V ′ ⊂ M \ Σ be a suitable choice of hypersurface satisfying
Proposition 3.15. SplitM along V and V ′ into a composition of three symplectic cobordisms:
a negative filling L with Morse–Bott boundary asymptotics V × (−∞, 0], a cobordism
−−→
V V ′
between V and V ′, and a positive subcritical Stein filling M \Σ with boundary asymptotics
V ′ × [0,∞) satisfying Proposition 3.15 and Theorem 1.3.
In L, consider the moduli space M of generalized holomorphic planes with the negative end
asymptotic to the simple Reeb orbit over the minimum of F , and in the homology class of a
fibre. The expected dimension ofM is (n−3)−(2c1(TΣ, A)−(n−1))+2c1(TM,A) = 2n−2.
Since Σ is monotone, there exists a regular complex structure for its Gromov–Witten theory.
Using the same argument as in the proof of Proposition 4.2, we see thatM is diffeomorphic
to Σ: each fibre S of L, together with the Morse trajectory from π(S) to the minimum of
F , is a regular generalized holomorphic plane. In particular, if we add a marked point and
require it to pass through a fixed point, then there is a unique rigid holomorphic plane in
M satisfying this condition. In terms of correlators, this means∫
Mγ
ev∗(θ1) = 1,
where θ1 is Poincare´ dual to a point.
In the cobordism
−−→
V V ′ between V and V ′, the isomorphism between HCcont2c1(TΣ,A)−2 and
HCcont2n−2−D is realized on chain level by a number of rigid cylinders between γ ∈ V and
γ′i ∈ V
′, such that [
∑
ciγi] is a generator of HC
cont
2n−2−D ∼= H
D(M \ Σ) of on homology (the
exact representative
∑
ciγi will depend on the choice of perturbation).
In the positive filling M \ Σ, let θ2 be Poincare´ dual to a generator of HD(M \ Σ). By
Theorem 1.3, ∑
ci
∫
Mγi
ev∗(θ2) = 1.
In other words, algebraically there is one rigid holomorphic plane asymptotic to one of the
γi’s, and passing through a cycle representing the generator of HD(M \ Σ).
These holomorphic curves glue together to give (algebraically) one holomorphic S2 in M
with 2 marked points, one marked point passes through a fixed point, and the other passes
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through the generator of HD(M \ Σ). Conversely, if S
2 is a holomorphic sphere in M in
a homology class A whose intersection number with Σ is 1, with the above marked point
requirements, then as we splitM along V and V ′, S2 must degenerate into the moduli spaces
described above. Therefore M has a non-vanishing Gromov–Witten invariant∑
ω(A)=1
∫
Mg=0,m=2,A
ev∗1(θ1)ev
∗
2(θ2) = 1.
In particular M is uniruled. 
5. Proof of Proposition 3.15
Let M2n be a split Weinstein manifold of the form
(M2n, ω, Y, f) = (M ′ × C, ω′ + dxn ∧ dyn, Y ′ +
1
2
(∂xn + ∂yn), f
′ + κ(x2n + y
2
n))
where (xn, yn) is the Euclidean coordinate on the C factor. We may assume that handles are
attached in increasing order of Morse indices, the attaching sphere of a k-handle only passes
through handles of indices strictly less than k, and there is a single 0-handle.
First we construct a compatible complex structure J for an isolated index-k symplectic
handle U . Fix a positive integer m0. Let
V = ∂U =
{
k∑
i=1
(bix
2
i − b
′
iy
2
i ) +
n−1∑
j=k+1
aj(x
2
j + y
2
j ) + κ(x
2
n + y
2
n) = 1
}
be the corresponding index-k contact handle with κ
m0
>> bi, aj. As in Proposition 3.7, there
is a distinguished simple Reeb orbit γ on V such that all low index orbits on V are multiple
covers of γ,
γ = {x2n + y
2
n =
1
κ
, x1 = y1 = · · · = xn−1 = yn−1 = 0}.
Let Bκ be the neighbourhood of the core isotropic disk Dst of the k-handle:
Bκ =
{
n−1∑
i=1
κ
m0
x2i +
n−1∑
j=k+1
κ
m0
y2j + κ(x
2
n + y
2
n) ≤ 1
}
.
Bκ lies in U , and is tangent to V along γ.
Let Gmκ be the ellipsoid
Gmκ =
{
n−1∑
i=1
κ
m
(x2i + y
2
i ) + κ(x
2
n + y
2
n) ≤ 1
}
Essentially Bκ is the union of G
m0
κ -ellipsoids around each point of the core isotropic disk Dst.
Note that Gmκ ⊂ G
m0
κ if m < m0.
On γ, the Liouville vector field, Reeb vector field, and contact distribution are:
Y = xn∂xn + yn∂yn , R = 2κ(xn∂yn − yn∂xn), ξ = TC
n−1.
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In a neighbourhood {
∑n−1
i=1 x
2
i + y
2
i < ǫ} of γ on V , the contact distribution is a graph over
TCn−1. The projection Cn = Cn−1 × C → Cn−1 induces an isomorphism between ξ and
TCn−1. Choose J to be an almost complex structure such that
(1) inside Bκ, J is the standard complex structure on C
n;
(2) on V , Jξ = ξ, JY = 1
2κ
R, and JR = −2κY ;
(3) in a sufficiently small neighbourhood {
∑n−1
i=1 x
2
i + y
2
i < ǫ
′} of γ on V , J |ξ is the lift of
the standard complex structure on Cn−1;
(4) between Bκ and V , J smoothly interpolates between the standard complex structure
and the almost complex structure on V through ω-tame almost complex structures;
(5) J is invariant under rotation in the {xn, yn}-coordinate plane.
Remark 5.1. Along γ, the two ways to define J agree, so J is well defined. Furthermore,
J tames ω on γ, so J tames ω in a small neighbourhood {
∑n−1
i=1 x
2
i + y
2
i < ǫ
′} of γ. J is
not quite a compatible complex structure, since Y is paired with a multiple of R. To turn
J into a compatible complex structure, choose a smooth function h(t) such that h(0) = 1
2κ
and h(1) = 1. In the cylindrical end V × [0,∞), for t ∈ [0, 1], let J |V×{t} be R-invariant
on the contact distribution ξ, J |V×{t}Y = h(t)R, and J |V×{t}R = − 1h(t)Y . For t > 1, let J
be R-invariant. This gives a compatible complex structure J inside the symplectic handle.
Moreover it is not hard to check that the associated vector field Z for J |V vanishes exactly
at the origin and is Morse of index-k, as required in Remark 3.10.
Definition 5.2. A model complex structure J is an S1-invariant compatible complex struc-
ture constructed above.
Lemma 5.3. For a model complex structure J , there exists a regular central vertical holo-
morphic plane
u(s, t) = (0, 0, . . . , 0, xn(s, t), yn(s, t)).
Furthermore the m-fold branch covers um(z) = u(z
m) are also regular.
Proof. By the definition of J , J is split on the central vertical plane {(0, 0, . . . , 0, xn, yn)}.
It is the standard complex structure on the first (n− 1) copies of C, and by uniformization
there is a holomorphic map u(s, t) = (0, 0, . . . , 0, xn(s, t), yn(s, t)). The linearized ∂ operator
at u, Du, can be directly computed in local coordinates:
Duv = ηds− J(u)ηdt
where v = (µ1, ν1, . . . , µn, νn) ∈ u
∗(TM) and
η =
1
2
(∂sv + J(u)∂tv + (∂vJ)(u)∂t(u))
We need to check the surjectivity of the differential operator η : R2n → R2n.
Fix a point p = (0, 0, , . . . , 0, P, Q). First assume p lies on V = V × {0}, take a a path on V
α(τ) = (τ, 0, . . . , 0, xn(τ), yn(τ)),
where
xn(τ) = P
√
1− b1τ 2, yn(τ) = Q
√
1− b1τ 2.
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The Liouville and Reeb fields are given by:
Y (τ) =
{
2τ∂x1 +
1
2
xn(τ)∂xn +
1
2
yn(τ)∂yn , if Morse index is zero
1
2
τ∂x1 +
1
2
xn(τ)∂xn +
1
2
yn(τ)∂yn , if Morse index is greater than zero
R(τ) =
{
1
3b1τ2+1
(2b1τ∂y1 − 2κyn(τ)∂xn + 2κxn(τ)∂yn), if Morse index is zero
2a1τ∂y1 − 2κyn(τ)∂xn + 2κxn(τ)∂yn , if Morse index is greater than zero
In any case, Y and R only involve {∂x1, ∂y1, ∂xn, ∂yn}. Furthermore, the contact distribution
contains {∂x2, ∂y2 , . . . , ∂xn−1 , ∂yn−1}. By its definition, J is the standard complex structure
on {∂x2 , ∂y2 , . . . , ∂xn−1 , ∂yn−1}.
Hence ∂(1,0,...,0)J is non-zero only for the submatrix spanned by {∂x1, ∂y1, ∂xn, ∂yn}:
∂(1,0,...,0)J =

∗ ∗ 0 . . . 0 ∗ ∗
∗ ∗ 0 . . . 0 ∗ ∗
0 0 0 . . . 0 0 0
...
. . .
...
0 0 0 . . . 0 0 0
∗ ∗ 0 . . . 0 ∗ ∗
∗ ∗ 0 . . . 0 ∗ ∗

where possible non-zero terms are marked by ∗.
Also ∂t(u) = (0, . . . , 0, ∂txn, ∂tyn), hence
(∂(1,0,...,0)J)∂t(u)|(0,0,...,P,Q) =

A1
A2
0
...
0
C1
C ′1

Derivatives in the other directions are computed similarly.
If p lies on other levels V × {x}, the computation is identical. If p lies inside Bκ, then Du is
the standard Cauchy–Riemann operator. Therefore Du overall takes the form
Du

µ1
ν1
...
µn−1
νn−1
µn
νn

=

∂sµ1 − ∂tν1 + A1(s, t)µ1 +B1(s, t)ν1
∂sν1 + ∂tµ1 + A2(s, t)µ1 +B2(s, t)ν1
...
∂sµn−1 − ∂tνn−1 + A2n−3(s, t)µn−1 +B2n−3(s, t)νn−1
∂sνn−1 + ∂tµn−1 + A2n−2(s, t)µn−1 +B2n−2(s, t)νn−1
∂sµn − ∂tνn + A2n−1(s, t)µn +B2n−1(s, t)νn + F1(µ1, ν1, . . . , µn−1, νn−1, s, t)
∂sνn + ∂tµn + A2n(s, t)µn +B2n(s, t)νn + F2(µ1, ν1, . . . , µn−1, νn−1, s, t)

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The operator Du is upper triangular, in fact except the for last row, Du splits into a direct
sum of real Cauchy–Riemann operators on C. Therefore Du is surjective. The computation
for the multiple cover Dum is identical. 
We need a generalization of the Monotonicity Lemma for the standard complex structure in
Cn. We thank S. Lisi for the following simple proof.
Lemma 5.4. Let G ⊂ Cn be the ellipsoid
{∑n−1
j=1 |zj |
2 +m|zn|
2 ≤ r2
}
, D the unit disk in
C and ω the standard symplectic form. Suppose u = (u1, . . . , un) : D → G is a holomorphic
disk such that u(∂D) ⊂ ∂G, u(0) = 0, and ∂
lun
∂zln
(0) = 0 for l = 1, . . .m− 1. Then
∫
D
u∗ω ≥ πr2.
Proof. Without loss of generality we may assume r = 1. Expand each component of u into
power series uj =
∑∞
k=1Akjz
k. Then
∫
D
u∗ω =
i
2
n∑
j=1
∫
D
u∗j(dzj ∧ dz¯j)
=
i
2
n∑
j=1
∫
∂D
u∗j(zjdz¯j)
=
i
2
n∑
j=1
∫
∂D
( ∞∑
k=1
Akjz
k
)( ∞∑
k=1
kAkj z¯
k−1dz¯
)
by the residue theorem, the only non-vanishing integral is
∫
∂D
zdz¯ = −2πi
Therefore
∫
D
u∗ω = π
n∑
j=1
∞∑
k=1
k|Akj|
2
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On ∂D,
1 =
n−1∑
j=1
|zj|
2 +m|zn|
2
=
n−1∑
j=1
zj z¯j +mznz¯n
=
n−1∑
j=1
( ∞∑
k=1
Akjz
k
)( ∞∑
k=1
Akj z¯
k
)
+m
( ∞∑
k=1
Aknz
k
)( ∞∑
k=1
Aknz¯
k
)
=
n−1∑
j=1
( ∞∑
k=1
Akjz
k
)( ∞∑
k=1
Akjz
−k
)
+m
( ∞∑
k=1
Aknz
k
)( ∞∑
k=1
Aknz
−k
)
Equating Fourier coefficients, we have
1 =
n−1∑
j=1
∞∑
k=1
|Akj|
2 +m
∞∑
k=1
|Akn|
2
Since Akn = 0 for k = 1, . . . , m− 1,∫
D
u∗ω = π
n∑
j=1
∞∑
k=1
k|Akj|
2 ≥ π
(
n−1∑
j=1
∞∑
k=1
|Akj|
2 +m
∞∑
k=1
|Akn|
2
)
= π.
Moreover, equality holds iff u(z) is of the form (C1z, . . . , Cn−1z, Cnzm). 
Let the shrunken core Dκst of the handle be
Dκst =
{
k∑
i=1
y2i ≤ 1−
2m0
κ
, xi = xj = yj = 0, k + 1 ≤ j ≤ n
}
.
Lemma 5.5. For a model complex structure J and each m ≤ m0, the m-fold branch cover
of the central vertical plane, um, is the only holomorphic plane asymptotic to the Reeb orbit
γm, and passing through some point on Dκst with ramification index m with respect to the
vertical complex direction C.
Proof. This argument is essentially the definition of Eλ-energy of u in [BEHWZ03] and
Lemma 5.4. Let u be a holomorphic plane asymptotic to γ and passing through some point
p on Dκst. By construction of J , around each point p on D
κ
st, there is an ellipsoid G
m
κ (p) on
which J is standard. By Lemma 5.4,∫
u∩Gmκ (p)
ω ≥
mπ
κ
.
If u is not a multiple cover of the central vertical plane, then some part of u lies between V
and Gmκ (p), so ∫
u∩U
ω >
mπ
κ
.
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Let fδ(t) be a smooth function such that
(1) f ′δ(t) > 0,
(2) fδ(t) = e
t near 0,
(3) fδ(t)→ 1 + δ as t→∞.
Let αδ be the 1-form such that αδ = α on U , and αδ = fδ(t) · α|V on the cylindrical end
V × [0,∞). It is easy to see that J tames dαδ.
By Stoke’s Theorem ∫
u
dαδ = (1 + δ)
∫
γm
α|V = (1 + δ)
mπ
κ
.
Since dαδ = dα = ω on U ,∫
u∩U
ω =
∫
u∩U
dαδ <
∫
u
dαδ = (1 + δ)
mπ
κ
.
Let δ → 0, we have a contradiction unless u is the m-fold branch cover of the central vertical
plane. 
Remark 5.6. The almost complex structure J is only Lipschitz continuous. The calculation
of the derivatives of J in Lemma 5.3 shows that they are discontinuous on γ: ∂(1,0,...,0)J
vanishes if computed along a path on ∂Bκ, and is non-zero if computed along a path on V .
Nevertheless γ is the only place of non-smoothness. The operator Du is still well defined as
an operator between Sobolev spaces, and is surjective. If one prefers to work with smooth
complex structures, then choose a sequence of of smooth complex structures Jδ → J such
that each Jδ is a smoothing of J and coincides with J outside a δ neighbourhood of γ. The
discontinuities of J are in the normal directions of the central vertical plane. Therefore
Jδ can be chosen to coincide with J on u0, so u0 is holomorphic for each Jδ. Let D
δ
u be
the linearized ∂ operator at u0 for the complex structure Jδ. Then D
δ
u → Du, thus for all
sufficiently small δ, Dδu is surjective, and there is a uniform bound on the right inverses of D
δ
u.
It follows that u0 is a regular holomorphic plane for all δ sufficiently small. Moreover, there
is a uniform neighbourhood of u0, independent of δ, where there is no other holomorphic
plane. Compactness of holomorphic curves applies to the sequence Jδ → J , hence if there is
no J-holomorphic curve in a certain region, then there is no Jδ-holomorphic curves in that
region for all small δ. For simplicity we will work with the non-smooth J , knowing that
there is always a nearby smooth Jδ with the same properties.
We now prove Proposition 3.15.
Proof of Proposition 3.15. Fix m0 so that for Reeb orbits of index at most N are of
the form γmp , m < m0, as in Proposition 3.7. We will inductively reconstruct (M
′, f ′) by
symplectic handle attachments. Simultaneously we will construct a compatible complex
structure J on (M, f) = (M ′ × C, f ′ + κ(x2n + y
2
n)). The idea is that the new handles to be
attached to M ′ have shape parameters and Morse function extensions depending on J , so
that a holomorphic plane asymptotic to γmp does not have enough energy to pass through
the unstable manifolds of critical points of lower indices.
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LetM ′k ⊂M
′ consists of handles of index at most k, f ′k be a Morse function onM
′
k quadratic
on handles, Jk a compatible complex structure on (Mk, fk) = (M
′
k × C, f
′
k + κ(x
2
n + y
2
n)),
Wk ⊂ Mk the union of the unstable submanifolds of index up to k, and Lk a neighbourhood of
Wk such that Jk(p, z) = J
′
k(p)⊕i is split on Lk. We will inductively construct (M
′
k, f
′
k, Lk, Jk).
For k = 0,M ′0 is the standard index-0 handle together with a function f
′
0 =
∑n−1
j=1 aj(x
2
j+y
2
j ).
Fix κ >> aj , and let J0 be a model compatible complex structure on M0. W0 is the origin,
and L0 is defined to be the G
m0
κ -ellipsoid around the origin where J0 is standard.
Attach the (k + 1)-handles to M ′k by symplectic handle attachment. We may assume that
the attaching isotropic spheres are pairwise disjoint, and for dimension reason, also disjoint
from the set of Reeb orbits {γp : index(p) ≤ k}. Let
U =
{
k+1∑
i=1
(bix
2
i − b
′
iy
2
i ) +
n−1∑
j=k+2
aj(x
2
j + y
2
j ) ≤ 1
}
be such a (k + 1)-handle. If we extend f ′k quadratically to U as in Remark 3.5, we attach
a (k + 1)-handle (lying inside U × C) to Mk as well. Moreover the shape of the handle is
controlled by the choice of the Morse function extension, in particular it could be thinned
in the C-factor by simply increasing the critical value in U to approach 1. In fact any
sufficiently thin shape can be achieved. Suppose V˜ is a handle of the shape
V˜ =
{
k+1∑
i=1
(Bix
2
i − B
′
iy
2
i ) +
n−1∑
j=k+2
Aj(x
2
j + y
2
j ) + C(x
2
n + y
2
n) ≤ 1
}
with C >> Bi, Aj >> B
′
i such that
V =
{
k+1∑
i=1
(Bix
2
i − B
′
iy
2
i ) +
n−1∑
j=k+2
Aj(x
2
j + y
2
j ) ≤ 1
}
lies within U . Then the Morse function extension on U ,
fU =
κ
C
(
k+1∑
i=1
(Bix
2
i − B
′
iy
2
i ) +
n−1∑
j=k+2
Aj(x
2
j + y
2
j )
)
+
(
1−
κ
C
)
(5)
gives the handle V˜ .
The diffeomorphism attaching the handle V˜ to Mk is just Φ˜ = (Φ, Id), the direct sum of the
attaching map Φ for U and the identity map on the C-factor. It remains unchanged as we
vary the shape of V˜ . Modify Jk in a small neighborhood of the unstable disks flowing from
the isotropic spheres on ∂Mk such that Jk becomes split, i.e., Jk(p, z) = Jk(p)⊕ i for p ∈M
′
and |z| < ǫ. Since Jk is already assume to be split on Lk, this can be done away from Lk.
Choose one such thin V˜i for each (k + 1)-handle, define J on Mk ∪ {V˜i} as follows:
(1) on Mk, J = Jk;
(2) on each V˜i, J equals a model complex structure in the region {
∑k+1
i=1 y
2
i ≤
9
10
};
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(3) on each V˜i, J interpolates between the complex structure (Φ˜i)∗(Jk) and the model
complex structure in the region { 9
10
<
∑k+1
i=1 y
2
i ≤ 1}.
Since Jk is modified to be split near the isotropic spheres, and the attaching maps Φ˜i is split,
(Φ˜i)∗(Jk) is split. It follows that the interpolating complex structure can also be chosen to
be split in some neighbourhood of the core of the handle.
Pick a Riemmanian metric g′ on M ′k ∪ {Ui} which is Euclidean on each Ui, and let g be
the product of g′ with the Euclidean metric on C. Choose r0 sufficiently small such that Lk
contains an injective r0-ball around each point of Wk. By Monotonicity, there is a constant
C0 such that for all Jk-holomorphic curve u passing through p ∈ Wk,∫
u∩Br0(p)
ω > C0r
2
0 (6)
On Mk ∪ {V˜i}, choose r1 sufficiently small such that there is an injective r1-ball around
each point of Wk+1, and J is split inside every such r1-ball. Again by Monotonicity, there
is a constant C1 such that for all r < r1 and all J-holomorphic curves u passing through
p ∈ Wk+1, ∫
u∩Br(p)
ω > C1r
2 (7)
Now we thin all the V˜i’s as follows:
(1) B′i =
100m0
C1
, 1 ≤ i ≤ k + 1;
(2) Bi, Aj, C >>
100m0
C1
, so that the handle lies inside each V˜i;
(3) C >> m0Bi, m0Aj,
m0pi
C0r
2
0
, m0pi
C1r
2
1
, and sufficiently large such that there is an injective√
m0pi
C1C
-ball around each p ∈ Wk+1 outside the region {
∑k+1
i=1 y
2
i <
8
10
} in all (k + 1)-
handles.
Note that at the origin the handle has thickness 1√
C
. The choice of B′i ensures the ratio
between thickness of the handle at {
∑k+1
i=1 y
2
i = 8/10} and the thickness at origin is sufficiently
large, so that such a choice of C exists.
Use this choice of {Bi, B
′
i, Aj} for all (k + 1)-handles of M
′
k, and extend the Morse function
f ′ to M ′k+1 = M
′
k ∪ {Vi} as in (5). Let Lk+1 ⊂ Mk+1 be the union of Lk, the
√
m0pi
C1C
-
neighbourhood around each p ∈ Wk+1 outside the region {
∑k+1
i=1 y
2
i <
8
10
} of all (k + 1)-
handles, and the Gm0C -ellipsoid neighbourhood around the core isotropic disks Dst of all
(k+1)-handles. Let Jk+1 = J on Lk+1, then extend Jk+1 to a compatible complex structure.
Note that Jk+1 is standard in the the G
m0
C -ellipsoid neighbourhood around {
∑k+1
i=1 y
2
i < 9/10}
in each handle, and we may take an extension of Jk+1 which is a model complex structure
in the region {
∑k+1
i=1 y
2
i < 9/10}. This completes the induction step.
Suppose u is a holomorphic plane asymptotic to γmp , where p is an index-(k+1) critical point,
m < m0, and u passes through a point on Wk. By construction, γ
m
p has action
mpi
C
< C0r
2
0.
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However by (6), ∫
u∩Lk+1
ω > C0r
2
0. (8)
Using the same argument as in Lemma 5.5, this is a contradiction.
Since Jk+1 is a model complex structure inside each (k + 1)-handle, by Lemma 5.3, the m-
fold cover of the vertical plane over an index-(k+1) critical point p is a regular holomorphic
plane asymptotic to γmp , which passes through p ∈ Wk+1 with ramification index m. Let u
be a holomorphic plane asymptotic to γmp and passes through Wk+1. If u passes through a
point in Wk+1 outside the region {
∑k+1
i=1 y
2
i <
8
10
} in all (k + 1)-handles, then (7) implies∫
u∩Lk+1
ω > C1
(√
m0π
C1C
)2
>
mπ
C
. (9)
Also a contradiction. If u passes through Wk+1 in the region {
∑k+1
i=1 y
2
i <
9
10
}, then Lemma
5.5 shows that u can only be the m-fold branch cover of the vertical plane over p.
Note that for the energy lower bounds, we only use the complex structure inside Lk+1, there
is no restriction on Jk+1 outside of Lk+1. Furthermore Lk+1 ∩ ∂Mk+1 consists of all the Reeb
orbits γp over critical points of index ≤ k + 1. Lk+1 otherwise lies in the interior of Mk+1.
At the end of the induction we have (M ′, f ′, L, J) and (M, f) = (M ′, f ′ + κ(x2n + y
2
n)),
such that (M, ∂M, J) satisfies parts (4) and (5) of Proposition 3.15. However to satisfy
Proposition 3.12, we need to increase κ by some large factor K (which depends on J |∂M),
as described in Remark 3.11. Increasing κ has the effect of shrinking M in the C-factor.
Let (MK , fK) = (M
′, f ′ + Kκ(x2n + y
2
n)), ΨK be the dilation by
1√
K
in the C-factor, and
JK defined on the contact distribution on ∂MK by pushing forward JK on ∂M . Let LK =
ΨK(L) ⊂ MK ⊂ M . To define JK in the filling, let JK = J on LK and then interpolate
between LK and ∂MK .
Each orbit γmp on MK has action equal to
1
K
-th of its action on M . Whenever there is an
injective Gm0C -ellipsoid in L, there is an injective G
m0
KC-ellipsoid in LK . Since JK = J on LK ,
the Monotonicity constants are unchanged. Therefore the inequalities (8) and (9) still holds
with LK in place of L, and a factor of
1
K
on both sides. It follows that (MK , JK) still satisfies
(4) and (5) of Proposition 3.15.
Finally by construction L has the split complex structure as required by part (3) of Propo-
sition 3.15, and it is clear that one can choose a compatible complex structure which makes
M ′ a complex submanifold (since M ′ ∩ L is already a complex submanifold, and there is no
restriction on J outside L). This completes the proof. 
6. Bourgeois–Oancea Exact Sequence
In [BO09], Bourgeois and Oancea proved a long exact sequence between linearized contact
homology and symplectic homology, and deduced Theorem 1.1.
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Theorem 6.1 ([BO09]). There is a long exact sequence
· · · −→ SH+∗−(n−3)(M) −→ HC∗(∂M)
D
−→ HC∗−2(∂M) −→ SH+∗−1−(n−3)(M) −→ · · ·
It was not immediately clear how the explicit construction in [Yau04] is related to the more
abstract approach of Bourgeois and Oancea. In this section, for the special setup of contact
form and compatible complex structure given by Proposition 3.15, we determine the degree-2
map D in the Bourgeois–Oancea exact sequence.
Following [BO09], the differential D can described exclusively in terms of holomorphic curves
in the symplectization of ∂M . Suppose we are in a setup given by Proposition 3.15, so all
Reeb orbits are of the form γmp . Since each orbit is S
1-invariant under the rotation in the
vertical C factor, its geometric image can be canonically identified with the unit circle S on
C. For each orbit γ choose a point eiθγ ∈ S, θγ ∈ (0, 2π), such that if γ is an orbit above a
critical point p, γ′ an orbit above p′, and index(p) > index(p′), then θγ > θγ′ (regardless of
their multiplicities).
Choose a global polar coordinate C\{0} for a cylinder. Let L be the positive real axis. Given
a parametrized holomorphic cylinder between γ and γ′, u = (u′, a) : C \ {0} → ∂M × R,
define ev+(u) = limz→∞,z∈L u′(z) ∈ γ ∼= S and ev−(u) = limz→0,z∈L u′(z) ∈ γ′ ∼= S.
The map D is induced by the chain level map
∆(γ) =
1
κγ′
∑
µ(γ′)=µ(γ)−2
cγ,γ′γ
′, (10)
where cγ,γ′ is the sum of counts of two types of moduli spaces:
(1) the moduli space M1 of parametrized holomorphic cylinders u asymptotic to γ and
γ′ such that ev+(u) = eiθγ , and ev−(u) = eiθγ′ .
(2) the moduli space M2 of parametrized broken holomorphic cylinders (u1, u2) such
that ev+(u1) = e
iθγ , ev−(u2) = eiθγ′ . Furthermore, on the intermediate breaking
Reeb orbit β with µ(β) = µ(γ)− 1, {ev−(u1), eiθβ , ev+(u2)} lie in clockwise order.
Lemma 6.2. In a setup given by Proposition 3.15, the contribution from M2 is zero.
Proof. By Proposition 3.12 we have a complete understanding of the moduli spaces of holo-
morphic cylinders between Reeb orbits of index difference 1. They are S1-invariant, run
between γmp and γ
′m
p with index(p) = index(p
′)−1, and are lifts of trajectories of a gradient-
like vector field Z between p and p′. For any S1-invariant cylinder u, ev+(u) = ev−(u). Hence
γ, β, γ′ are Reeb orbits of the same multiplicity over critical points of increasing Morse in-
dex. By the choice of θγ, {ev
−(u1), eiθβ , ev+(u2)} = {eiθγ , eiθβ , eiθγ′} indeed lie in clockwise
order. Hence every broken cylinder in ∂2(γ) in the cylindrical contact homology differential
counts. But in our setup the cylindrical contact homology differential coincides with the
Morse cohomology differential, so ∂2(γ) vanishes. 
Remark 6.3. Requiring ev+(u) = eiθγ picks out a parametrized representative for each
unparametrized holomorphic cylinder inMγ,γ′ (strictly speaking there are κγ representatives,
but as in Remark 2.8 we will ignore the combinatorial factors). Then ev− can be viewed as
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a map from Mγ,γ′ to γ
′ ∼= S. Equivalently requiring ev−(u) = eiθγ′ turns ev+ into a map
Mγ,γ′ → γ ∼= S.
If µ(γ′) = µ(γ)−2, thenMγ,γ′ is 1-dimensional, andM1 consists of solutions of ev−(u) = eiθγ′
in Mγ,γ′ . Mγ,γ′ has of two types of connected components. Let M
S1
γ,γ′ be the union of the
connected components of Mγ,γ′ homeomorphic to a circle, and M
[0,1]
γ,γ′ the union of those
homeomorphic to an interval.
Lemma 6.4. In a setup given by Proposition 3.15, M
[0,1]
γ,γ′ does not contain any solution of
ev−(u) = eiθγ′ .
Proof. Again by Proposition 3.12 we completely understand M
[0,1]
γ,γ′ . The endpoint of the
intervals are rigid broken cylinders, which are lifts of rigid broken trajectories of Z. By
standard Morse theory there are several 1-parameter families of trajectories of Z which
connect pairs of rigid broken trajectories. They lift to 1-parameter families of S1-invariant
cylinders which connects the rigid broken cylinders in pairs. Since S1-invariant cylinders
are regular, these all of M
[0,1]
γ,γ′ . Hence M
[0,1]
γ,γ′ consist entirely of S
1-invariant cylinders, so
ev−(u) = ev+(u) = eiθγ 6= eiθγ′ . 
Therefore by Lemmas 6.2 and 6.4, the coefficient cγ,γ′ in (10) is the same as the winding
number of ev− : MS
1
γ,γ′ → S.
Proposition 6.5. If M is a subcritical Stein manifold with vanishing c1, a ∈ HC(∂M), θ
a compactly supported closed form on M , and D the degree-2 differential in the Bourgeois–
Oancea exact sequence, then
l!
∫
Ma
ev∗(θ) ∧ ψl = (l − 1)!
∫
MD(a)
ev∗(θ) ∧ ψl−1 (11)
Proof. Take a set up given by Proposition 3.15. Represent the Poincare´ dual of θ by a
suitable cycle α and interpret the descendants as counts of curves with ramification indices
condition at the constrained marked point. We will prove (11) for l = 1, the proof is identical
for higher values of l.
Let
∑k
i=1 ciγi be a representative of a. We are interested in the holomorphic planes asymp-
totic to γi, and passing through α with ramification index 2. Mγi(α), the moduli space of
holomorphic planes asymptotic to γi and passing through α, is then 2-dimensional.
First we trivialize the tautological bundle L over Mγi(α). As explained in Section 2, this
amounts to choosing a parametrized map u : C→M = M ′×C over each element ofMγi(α)
(more precisely this gives a trivialization of the dual of L and hence L). Similar to the
cylinder case, requiring that ev+(u) = eiθγi kills the S1 component of the automorphism
group. To completely fix the complex structure of the domain, require u(1) ∈ M ′ × C to
have modulus 1 in the C component.
This trivialization induces a map f : Mγi(α) → C, given by the derivative at 0 of π ◦ u at
0. Then
∫
Mγi
ev∗(θ) ∧ ψ is the number of zeroes of f . Since Mγi(α) is 2-dimensional, its
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boundary consists of a collection of circles, and the number of zeroes of f is equal to the
winding number of f |∂Mγi(α) around 0.
The boundary ofMγi(α) consists of 2-story curves (u1, u2) where u1 is a holomorphic cylinder
in the symplectization ∂M ×R, and u2 is a holomorphic plane in M . The total index of the
curve is 2. There are two possibilities depending on how the total index is distributed to the
two levels.
(1) (u1, u2) has index (1, 1): u1 is a rigid (up to R-translation) cylinder inMγi,γ′ , and u2
is in the 1-parameter family of planes Mγ′(α).
(2) (u1, u2) has index (2, 0): u1 is part of the 1-parameter family of cylinders Mγi,γ′, and
u2 is a rigid planes in Mγ′(α).
A connected component of ∂Mγi(α) can have curves of both types. Consider a 3-story curve
(v1, v2, v3) where v1, v2 are rigid holomorphic cylinders in the symplectization and v3 is a
rigid plane in the filling. If we glue v1 and v2 we have a curve of the first type, and if we
glue v2 and v3 we have a curve of the second type. This is the only way to pass from one
type to the other.
However in our special setting, there is in fact no curves of the first type in ∂Mγi(α). Recall
the proof of Theorem 1.3,
∫
Mγi
ev∗(θ)∧ψ is non-zero only if γi = γ2p and index(p) = dim(α).
By Proposition 3.12, γ′ = γ2q where index(q) = index(p) + 1. But then Mγ′(α) is empty by
part (4) of Proposition 3.15.
Furthermore, if (u1, u2) is a curve of the second type in ∂Mγi(α), then u1 must be inM
S1
γi,γ′
.
If u1 ∈M
[0,1]
γi,γ′
, then the boundary of the interval component that u1 lies in, is a rigid broken
cylinder. By the argument in the previous paragraph, this implies Mγ′(α) is empty.
Therefore each component S of MS
1
γi,γ′
, together with a rigid plane u2 ∈ Mγ′(α), gives a
component S˜ of ∂Mγi(α). All components of ∂Mγi(α) arise this way.
The winding number of f on such a boundary component S˜ is the same as the winding
number of ev− on S. Since as u1 varies on S, we need to parametrize the plane u2 by
rotation such that ev+(u2) = ev
−(u1), hence the derivative at 0 rotates accordingly. It
follows that
#{Mγi((α, 2))} =
∑
µ(γ′)=µ(γ)−2
cγi,γ′#{Mγ′((α, 1))}.
In other words ∫
Ma
ev∗(θ) ∧ ψ =
∫
MD(a)
ev∗(θ). 
Theorem 1.5 immediately follows from Proposition 6.5.
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